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Introduction
Que: When one can construct a Hilbert space out of a given set X7

Aim: To find a necessary and sufficient condition on X" under which there exists a
Hilbert space H and a map @ : X — H satisfying “some properties”?

Observations: Suppose there exists a Hilbert space H and a map p : X — H.

@ Definek: X x X — C by k(z,y) := (p(x), p(y)) for all z,y € X.
@ Fixn >1and let {z1,29, -+ ,x,} C X. Then

Z ):*)\jk(wi,l‘j) = Z )\77,)\j (p(.’L‘J, p(%))

ij=1 ij=1

for all {)\1,)\27 s ,)\n} - C.
@ Thus there exists a “positive definite kernel” k on X.
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Positive definite kernel

Definition: A positive definite kernel (p.d.k) on aset X isamapk: X x X — C
satisfying

z”: k(z;, ;) >0

forall xy, - ,xp € X, A\, , A\ €C, neN.
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Positive definite kernel

Definition: A positive definite kernel (p.d.k) on aset X isamapk: X x X — C
satisfying

z”: k(z;, ;) >0

forall xy, - ,xp € X, A\, , A\ €C, neN.

Example:
@ Suppose H is a Hilbert space and let X = H.
@ Definek: X x X — C by k(z,y) = (z,y).
o Yoy Nidk(wi, ) = D00y Ny (@i, @)
= (22 Aixi, Zj Ajzg) = 122 )‘ixiHQ = 0.

@ kisa p.d.k.
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GNS-pair (H, )

Theorem:(GNS-construction) Let X" be a set and k be a p.d.k on X. Then there

a Hilbert space H and a map p : X — H such that

Q k(z,y) = (p(z), p(y)) forall z,y € X.
@ H =span{p(x):xz € X}.
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Theorem:(GNS-construction) Let X" be a set and k be a p.d.k on X. Then there
a Hilbert space H and a map p : X — H such that

0 k(z,y) = (p(x), p(y)) for all z,y € X.

Q@ H =span{p(z) :z € X}.

proof:

o V={f:X — C such that f(x) = 0 except for finitely many z}.

@ V is nonempty and forms a complex vector space under pointwise action.

o Define (-,-) : V.xV — Cby (f,g9) =3, cx f(@)9()k(z,y).
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a Hilbert space H and a map p : X — H such that
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proof:
o V={f:X — C such that f(x) = 0 except for finitely many z}.

@ V is nonempty and forms a complex vector space under pointwise action.

o Define () : VxV = Chby (f,g):=>, ,cx f(@)9(y)k(z,y).
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GNS-pair (H, )

Theorem:(GNS-construction) Let X" be a set and k be a p.d.k on X. Then there
a Hilbert space H and a map p : X — H such that

0 k(z,y) = (p(x), p(y)) for all z,y € X.

Q@ H =span{p(x):z € X}.

proof:
o V={f:X — C such that f(x) = 0 except for finitely many z}.

@ V is nonempty and forms a complex vector space under pointwise action.

o Define (-,-) : V.xV — Cby (f,g9) =3, cx f(@)9()k(z,y).

@ (-,-) is an semi-inner product on the complex vector space V.

o Let H be the completion of the quotient space V/N where
N:={feV:(f,/)=0t={feV:(f,g)=0forall g€V}
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GNS-pair (H, )

Theorem:(GNS-construction) Let X" be a set and k be a p.d.k on X. Then there
a Hilbert space H and a map p : X — H such that

0 k(z,y) = (p(x), p(y)) for all z,y € X.

Q@ H =span{p(x):z € X}.

proof:
o V={f:X — C such that f(x) = 0 except for finitely many z}.
@ V is nonempty and forms a complex vector space under pointwise action.
@ Define (-,-) : VxV = C by (f,g) := vayexmg(y)k(:c,y).
@ (-,-) is an semi-inner product on the complex vector space V.
o Let H be the completion of the quotient space V/N where
N:={feV:(f,/)=0t={feV:(f,g)=0forall g€V}

@ Define p : X — H by p(x) := equivalence class containing the characteristic
function X{a} where z € X.

o (p(z1), p(2)) = 20y X{a1} (F)X (a2} (W)k(7,y) = k(21, 22) for all z; € X.
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GNS-pair (H, )

Theorem:(GNS-construction) Let X" be a set and k be a p.d.k on X. Then there
a Hilbert space H and a map p : X — H such that

0 k(z,y) = (p(x), p(y)) for all z,y € X.

Q@ H =span{p(x):z € X}.

proof:
o V={f:X — C such that f(x) = 0 except for finitely many z}.

@ V is nonempty and forms a complex vector space under pointwise action.

Define () : VXV = Cby (f,9) :== 3, ,cr f(2)9(y)k(z, y).

@ (-,-) is an semi-inner product on the complex vector space V.

o Let H be the completion of the quotient space V/N where
N:={feV:(f,/)=0t={feV:(f,g)=0forall g€V}

Define p : X — H by p(x) := equivalence class containing the characteristic
function X{a} where z € X.

o (p(z1), p(22)) = 32, , X{a1} (@)X (2o} (W)k(2, y) = k(z1, 22) for all z; € X.
@ By construction H = span{p(z) : z € X'}.
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Uniqueness of GNS-pair

Theorem: If (H;, p;), i = 1,2, are two GNS-pair associated to a p.d.k k on a set
X, then there exists a unitary U : H1; — Ho such that U o p; = g9, that is, the
following diagram commutes:

i Hl

KJ/JU
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X
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@ H; =35pan p;(X). Define U : H1 — Ha by U(p1(z)) = pa2(x).
o U is well defined. For, if p1(xz) = p1(2’), then
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Uniqueness of GNS-pair

Theorem: If (H;, p;), i = 1,2, are two GNS-pair associated to a p.d.k k on a set
X, then there exists a unitary U : H1; — Ho such that U o p; = g9, that is, the
following diagram commutes:

/T
o

2 T

X

Proof:
@ H; =3pan p;(X). Define U : H1 — Ha by U(p1(x)) = pa2(x).
o U is well defined. For, if p1(xz) = p1(2’), then
(p2(2) — 2(2"), 2(y)) = k(z,y) —k(@',y) = (p1(z) — p1(2"), p1(y)) =0
for all y € X so that pa2(x) = pa(z’).
o (U(p1(2)),Ulp1(y))) = (p2(2), pa(y)) = k(z,y) = (p1(2), p1(y))-
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Uniqueness of GNS-pair

Theorem: If (H;, p;), i = 1,2, are two GNS-pair associated to a p.d.k k on a set
X, then there exists a unitary U : H1; — Ho such that U o p; = g9, that is, the
following diagram commutes:

/T
o

2 T

X

Proof:
@ H; =35pan p;(X). Define U : H1 — Ha by U(p1(z)) = pa2(x).
o U is well defined. For, if p1(xz) = p1(2’), then

(p2(x) — p2(2"), p2(y)) = k(z,y) — k(2',y) = (p1(x) — p1(2’), p1(y)) =0

for all y € X so that pa2(x) = pa(z’).

o (U(p1(2)), U(p1(y))) = (p2(x), pa(y)) = k(x,y) = (p1(2), p1(y))-
o U is a unitary such that U o p; = go.
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Examples-Direct sum of Hilbert spaces

o Let Hy,Ho be two Hilbert spaces and let X = H; x Hos.
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Examples-Direct sum of Hilbert spaces

o Let Hy,Ho be two Hilbert spaces and let X = H; x Hos.
o Define k : X x X — C by k((h1, ha), (1}, hy)) := (hn, Bh) + (ha, B).
o 0t NiNk((his hai), (haj, haj))
= <Zl Aihai, Zj )‘jhlj> + <Zz Aihai, Zj )‘jh2j> > 0.
@ k is a p.d.k, and hence there exits the (unique) GNS-pair (H, p).

Sumesh (IMSc Chennai) GNS-pair: construction and applications 7/14



Examples-Direct sum of Hilbert spaces
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Examples-Direct sum of Hilbert spaces

o Let Hy,Ho be two Hilbert spaces and let X = H; x Hos.
o Define k : X x X — C by k((h1, ha), (1}, hy)) := (hn, Bh) + (ha, B).
St im NAE((haiy hai), (B, haj))

= (D2 Aihais D05 Ajhag) + (32, Aihai, D05 Ajhaj) > 0.
k is a p.d.k, and hence there exits the (unique) GNS-pair (H, p).
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Examples-Direct sum of Hilbert spaces

Let H1,Hso be two Hilbert spaces and let X' = H1 X Ho.
Define k : X x X — C by k((h1, ha), (b}, hb)) = (ha, b)) + (ha, hb).
o >y Midk((haiy hai), (R, hoy))
= (D2 Aihais D05 Ajhag) + (32, Aihai, D05 Ajhaj) > 0.
k is a p.d.k, and hence there exits the (unique) GNS-pair (H, p).
Denote p(h1, ha) by the symbol hy @ hs.
Then H =span{p(h1, ha) : h; € H;} =span{hi ® ha : h; € H;}.
Since (p(h1, ha), (Y, h)) = K((hr, ha), (W, B3)) = (ha, ) + (b, 1) for
all hy, b € Hi;ho, hl, € Ha and A € C we have
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Examples-Direct sum of Hilbert spaces

Let H1,Hso be two Hilbert spaces and let X' = H1 X Ho.
Define k : X x X — C by k((h1, ha), (b}, hb)) = (ha, b)) + (ha, hb).
o >y Midk((haiy hai), (R, hoy))
= (22 Aihaa, 205 Ajhag) + (32, Aihai, 225 Ajhoj) > 0.

k is a p.d.k, and hence there exits the (unique) GNS-pair (H, p).
Denote p(h1, ha) by the symbol hy @ hs.
Then H = span{p(h1, ha) : h; € H;} = span{hy & ho : hy € H}.
Since (p(h1, ho), p(h1, hy)) = k((h1, ha), (hy, 1)) = (h, hy) + (ho, hy) for
all hy, b € Hi;ho, hl, € Ha and A € C we have

o A(h1 @ ha) = Ahy @ Aha.

o (h1® h2) + (b} @ ha) = (ha1 + hi) & (h2 + ha).
(To prove these consider the norm of the difference.)
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Examples-Direct sum of Hilbert spaces

Let H1,Hso be two Hilbert spaces and let X' = H1 X Ho.
Define k : X x X — C by k((h1, ha), (b}, hb)) = (ha, b)) + (ha, hb).
o >y Midk((haiy hai), (R, hoy))
= (D2 Aihais D05 Ajhag) + (32, Aihai, D05 Ajhaj) > 0.

k is a p.d.k, and hence there exits the (unique) GNS-pair (H, p).
Denote p(h1, ha) by the symbol hy @ hs.
Then H = Spﬁ{p(hhhg) 1 h; € Hl} = Spﬁ{fh @ hy:h; € ,Hl}
Since (p(h1, ho), p(h1, hy)) = k((h1, ha), (hy, 1)) = (h, hy) + (ho, hy) for
all hy, b € Hi;ho, hl, € Ha and A € C we have

o A(h1 ® ha) = Ahy @ Aho.

o (h1® h2) + (b} @ ha) = (ha1 + hi) & (h2 + ha).
(To prove these consider the norm of the difference.)
e From definition of k it follows that (hy @ ho, h} @ hy) = (hy, h}) + (ha, h5).
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Examples-Direct sum of Hilbert spaces

Let H1,Hso be two Hilbert spaces and let X' = H1 X Ho.
Define k : X x X — C by k((h1, ha), (b}, hb)) := (h1,h}) + (ha, h).
St im NAE((haiy hai), (B, haj))
= (D2 Aihais D05 Ajhag) + (32, Aihai, D05 Ajhaj) > 0.

k is a p.d.k, and hence there exits the (unique) GNS-pair (H, p).
Denote p(h1, ha) by the symbol hy @ hs.
Then H = Spﬁ{p(hhhg) 1 h; € Hl} = Spﬁ{fh @ hy:h; € ,Hl}
Since (p(h1, h2), p(hi, hy)) = &((h1, ha), (R7, h)) = (ha, hy) + (ha, hy) for
all hy, b € Hi;ho, hl, € Ha and A € C we have

o A(h1 ® ha) = Ahy @ Aho.

o (h1 ® h2) + (hy ® hy) = (h1 + hy) @ (ha + h)).
(To prove these consider the norm of the difference.)
From definition of k it follows that (hy @ ho, h] @ h5) = (hy, h}) + (ha, hY).
The unique Hilbert space H is called the direct sum of 1 and Hs and is
denoted by H; @& Hs. Note that

H1 P Ho = span{h1 @ hsy:h; € Hz} = {hl B ho:h; € Hz}
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Examples-Tensor product of Hilbert spaces

o Let Hy,Ho be two Hilbert spaces and let X = H; X Hos.
o Definek: X x X — C by k((hq, hs), (h}, kb)) := (h1, h})(ho, hb).
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Examples-Tensor product of Hilbert spaces

o Let Hy,Ho be two Hilbert spaces and let X = H; X Hos.

o Definek: X x X — C by k((hq, hs), (h}, kb)) := (h1, h})(ho, hb).

o With some effort it can be shown that k is a p.d.k, hence there exits the
(unique) GNS-pair (H, ).

@ Denote p(hy, ha) by the symbol h; ® hs.

e Then H =3span{p(h1, ha) : h; € H;} =span{h; @ ha : h; € H;}.

@ Since (p(h1, ha), p(h], hs)) = k((hl,hg),( ’1,h’2)) = (hy, h}){ho, h}) for all
hi,h} € Hi;ha, by € Ho and A € C we have

o Ah1 ®@ha) = (A1) @ ha = h1 @ (Aha).

o (h1 ® h2) + (b1 ® ha) = (h1 + h1) ® ha.
o (h1 ® h2) + (h1 ® hy) = h1 @ (ha + hb).

(To prove these consider the norm of the difference.)
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o With some effort it can be shown that k is a p.d.k, hence there exits the
(unique) GNS-pair (H, ).

@ Denote p(hy, ha) by the symbol h; ® hs.

e Then H =3span{p(h1, ha) : h; € H;} =span{h; @ ha : h; € H;}.

@ Since (p(h1, ha), p(h], hs)) = k((hl,hg),( ’1,h’2)) = (hy, h}){ho, h}) for all
hi,h} € Hi;ha, by € Ho and A € C we have

o Ah1 ®@ha) = (A1) @ ha = h1 @ (Aha).

o (h1 ® h2) + (b1 ® ha) = (h1 + h1) ® ha.
o (h1 ® h2) + (h1 ® hy) = h1 @ (ha + hb).

(To prove these consider the norm of the difference.)
e From definition of k it follows that (h1 ® ha, b} ® hy) = (h1, h}){(hz, h}).
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o Let Hy,Ho be two Hilbert spaces and let X = H; X Hos.

o Definek: X x X — C by k((hq, hs), (h}, kb)) := (h1, h})(ho, hb).

o With some effort it can be shown that k is a p.d.k, hence there exits the
(unique) GNS-pair (H, ).

@ Denote p(hy, ha) by the symbol h; ® hs.

e Then H =3span{p(h1, ha) : h; € H;} =span{h; @ ha : h; € H;}.

@ Since (p(h1, ha), p(h], hs)) = k((hl,hg),( ’1,h’2)) = (hy, h}){ho, h}) for all
hi,h} € Hi;ha, by € Ho and A € C we have

o Ah1 ®@ha) = (A1) @ ha = h1 @ (Aha).

o (h1 ® h2) + (b1 ® ha) = (h1 + h1) ® ha.
o (h1 ® h2) + (h1 ® hy) = h1 @ (ha + hb).

(To prove these consider the norm of the difference.)
e From definition of k it follows that (h1 ® ha, b} ® hy) = (h1, h}){(hz, h}).

@ The unique Hilbert space H is called the tensor product of H; and H2 and is
denoted by H; ® Hs. Note that
Hi Q@ Ho = span{h1 ® ho : h; € 'Hz} 2 {hl ® ho : h; € Hi}.
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Applications to dilation theory

Definition: Let 7" be a bounded linear operator on a Hilbert space H. A dilation
of T is a pair (K, V) consisting of a Hilbert space K D H and V' € B(K) such that

T™ = Py V™|y for all n € N, (1)

where Py, is the orthogonal projection of C onto H.
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Definition: Let 7" be a bounded linear operator on a Hilbert space H. A dilation
of T is a pair (K, V) consisting of a Hilbert space K D H and V' € B(K) such that

T = Py V" |y for all n € N, (1)
where Py, is the orthogonal projection of IC onto H. If V is an isometry

(respectively unitary), then (K, V) is called an isometric (respectively unitary)
dilation of T'.

. B(H,H B(HL,H)
— K )
@ Since K = H @ H* we have B(K) = 3(H’?!L) B(HL77!L) .
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Applications to dilation theory

Definition: Let 7" be a bounded linear operator on a Hilbert space H. A dilation
of T is a pair (K, V) consisting of a Hilbert space K D H and V' € B(K) such that

T = PyV"|x for all n € N, (1)
where Py, is the orthogonal projection of IC onto H. If V is an isometry

(respectively unitary), then (K, V) is called an isometric (respectively unitary)
dilation of T'.

. B(H,H B(HL,H)
— ) b)
@ Since K =H & H' we have B(K) = [B(H’?!L) B(HL77!L) .

That is, every T € B(K) has the form T = Tn Tl g
To1 T
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Applications to dilation theory

Definition: Let 7" be a bounded linear operator on a Hilbert space H. A dilation
of T is a pair (K, V) consisting of a Hilbert space K D H and V' € B(K) such that

T = PyV"|x for all n € N, (1)
where Py, is the orthogonal projection of IC onto H. If V is an isometry

(respectively unitary), then (K, V) is called an isometric (respectively unitary)
dilation of T'.

i
e Since K = H & H* we have B(K) = ES(E‘Z{’;Q) BB(Z{L 77—7[{2)}

That is, every T € B(K) has the form T = Tn Tl g
To1 T

T(heh') = [%1 %z] ()= (%121%2,’?) >~ (Tiih+Tigh") & (Torh+Tah').
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Applications to dilation theory

Definition: Let 7" be a bounded linear operator on a Hilbert space H. A dilation
of T is a pair (K, V) consisting of a Hilbert space K D H and V' € B(K) such that

T = PyV"|x for all n € N, (1)
where Py, is the orthogonal projection of IC onto H. If V is an isometry

(respectively unitary), then (K, V) is called an isometric (respectively unitary)
dilation of T'.

i
e Since K = H & H* we have B(K) = ES(E‘Z{’;Q) BB(Z{L 77—7[{2)}

That is, every T € B(K) has the form T = Tn Tl g
To1 T

T(hoh') = [%1 %2] (l?/> = (%121222'> ~ (T11h+Tioh")© (To1h+Taoh').
e Equation (}) implies that V" = {7; j for all n > 1.
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Sz-Nagy's dilation

Theorem: Suppose T' € B(H) is a contraction, i.e., || T|| < 1. Then there exists a
isometric dilation (K, V') of T'. Moreover, the dilation can be chosen to be
minimal in the sense that K =3span{V"h: h € H,n > 0}.
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Theorem: Suppose T' € B(H) is a contraction, i.e., || T|| < 1. Then there exists a
isometric dilation (K, V') of T'. Moreover, the dilation can be chosen to be
minimal in the sense that K =3span{V"h: h € H,n > 0}.

proof:
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Theorem: Suppose T' € B(H) is a contraction, i.e., || T|| < 1. Then there exists a
isometric dilation (K, V') of T'. Moreover, the dilation can be chosen to be
minimal in the sense that K =3span{V"h: h € H,n > 0}.

proof:
o Let X ={(n,h):n>0,he€H}
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Sz-Nagy's dilation

Theorem: Suppose T' € B(H) is a contraction, i.e., || T|| < 1. Then there exists a
isometric dilation (K, V') of T'. Moreover, the dilation can be chosen to be
minimal in the sense that K =3span{V"h: h € H,n > 0}.

proof:

o Let XY ={(n,h):n>0,h € H}. Definek: X x X — C by

,I"T™h ifm<n
k((m7g), (n, h)> B {Zz,T*(mJ)m if m i n.
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o Let XY ={(n,h):n>0,h € H}. Definek: X x X — C by

,I"T™h ifm<n
k((m7g), (n, h)) B {Zz,T*(mJ)m if m i n.

@ It can be shown that k is a p.d.k. Hence there exists GNS-pair (K, o).

Sumesh (IMSc Chennai) GNS-pair: construction and applications

10 / 14



Sz-Nagy's dilation

Theorem: Suppose T' € B(H) is a contraction, i.e., || T|| < 1. Then there exists a
isometric dilation (K, V') of T'. Moreover, the dilation can be chosen to be
minimal in the sense that K =3span{V"h: h € H,n > 0}.

proof:

o Let XY ={(n,h):n>0,h € H}. Definek: X x X — C by

,I"T™h ifm<n
k((m7g), (n, h)) B {Zz,T*(mJ)m if m i n.

@ It can be shown that k is a p.d.k. Hence there exists GNS-pair (K, o).
o (p(0,h),p(0,1)) =k((0,h),(0,h)) = (h,h') for all h,h' € H.
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Sz-Nagy's dilation

Theorem: Suppose T' € B(H) is a contraction, i.e., || T|| < 1. Then there exists a
isometric dilation (K, V') of T'. Moreover, the dilation can be chosen to be
minimal in the sense that K =3span{V"h: h € H,n > 0}.

proof:
o Let XY ={(n,h):n>0,h € H}. Definek: X x X — C by

,I"T™h ifm<n
{(m. 9), (n. ) = {Zz,T*(m’gh) if m i n.

@ It can be shown that k is a p.d.k. Hence there exists GNS-pair (K, o).
o (p(0,h),p(0,1)) =k((0,h),(0,h)) = (h,h') for all h,h' € H.
o Identifying h € H with (0, h) we consider

H C K =3span{p(n,h) :n>0,hecH}.
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o (p(0,h),p(0,1)) =k((0,h),(0,h)) = (h,h') for all h,h' € H.
o Identifying h € H with (0, h) we consider
H C K =3span{p(n,h) :n>0,hecH}.
@ Define V: K — K by V(p(n,h)) = p(n+ 1,h).
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Sz-Nagy's dilation

Theorem: Suppose T' € B(H) is a contraction, i.e., || T|| < 1. Then there exists a
isometric dilation (K, V') of T'. Moreover, the dilation can be chosen to be
minimal in the sense that K =3span{V"h: h € H,n > 0}.

proof:
o Let XY ={(n,h):n>0,h € H}. Definek: X x X — C by

(g, T""™h) ifm<mn
k((m,g),(n,h)) = {<g7T*(m")h> if m > n.
@ It can be shown that k is a p.d.k. Hence there exists GNS-pair (K, o).
o (p(0,h),p(0,1)) =k((0,h),(0,h)) = (h,h') for all h,h' € H.
o Identifying h € H with (0, h) we consider
H C K =3span{p(n,h) :n>0,hecH}.
@ Define V: K — K by V(p(n,h)) = p(n+ 1,h).
o (h, Py V™h) = (h,T™h) for all h,h/ € H, hence T" = Py V"|y.
o V"h =V"(p(0,h)) = p(n,h), hence K =35pan{V"h: h € H,n > 0}.
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Sz-Nagy's dilation

Theorem: Every isometry V' € B(H) has a unitary dilation (K, U) which is
minimal in the sense that K =span{U"h : h € H, n € Z}. J
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Sz-Nagy's dilation

Theorem: Every isometry V' € B(H) has a unitary dilation (K, U) which is
minimal in the sense that K =span{U"h : h € H, n € Z}.

J

Proof:

o Use “Wold decomposition”.
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o Use “Wold decomposition”.

Observation:
@ Suppose T' € B(H) is a contraction.
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Sz-Nagy's dilation

Theorem: Every isometry V' € B(H) has a unitary dilation (K, U) which is
minimal in the sense that K =span{U"h : h € H, n € Z}.

J

Proof:

o Use “Wold decomposition”.

Observation:
@ Suppose T' € B(H) is a contraction.

T isometric dil. |:T" *:|

o ———«A—)Vn:
*
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Sz-Nagy's dilation

Theorem: Every isometry V' € B(H) has a unitary dilation (K, U) which is
minimal in the sense that K =span{U"h : h € H, n € Z}.

J

Proof:

o Use “Wold decomposition”.

Observation:
@ Suppose T' € B(H) is a contraction.

isometric dil. n unitary dil. n
oT__t_an:|:T I] vl [V j

—_ — — A~ =
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Sz-Nagy's dilation

Theorem: Every isometry V' € B(H) has a unitary dilation (K, U) which is
minimal in the sense that K =span{U"h : h € H, n € Z}. J
Proof:

o Use “Wold decomposition”.

Observation:
@ Suppose T' € B(H) is a contraction.

dil ™
isometric dil. n unitary dil. n
o T ™ etric dil {T :] Yy n [V *} .

—_ — — A~ =
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Sz-Nagy's dilation

Theorem: Every isometry V' € B(H) has a unitary dilation (K, U) which is
minimal in the sense that K =span{U"h : h € H, n € Z}.

J

Proof:

o Use “Wold decomposition”.

Observation:
@ Suppose T' € B(H) is a contraction.

n
isometric dil. T % unitary dil. Vnoox T o
ol ———~ V"= ———U"=
* % * ok

Corollary: Every contraction on a Hilbert space has a minimal unitary dilation.

J
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Theory of dilations

@ Unitary dilation of two contractions?
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Theory of dilations

@ Unitary dilation of two contractions? Requires commutating contractions.
There exists commuting unitary dilation:

UrUp =

TRT o«
* *

] vV n,m > 0.
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] vV n,m > 0.

@ Unitary dilation of three commuting contractions? Not possible !!!
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] vV n,m > 0.

@ Unitary dilation of three commuting contractions? Not possible !!!
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T«
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@ Unitary dilation of three commuting contractions? Not possible !!!
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Theory of dilations

@ Unitary dilation of two contractions? Requires commutating contractions.
There exists commuting unitary dilation:

Uy — TrTar «

1 Y2 " "

] vV n,m > 0.

Unitary dilation of three commuting contractions? Not possible !!!

But commuting family of isometries {V1,--- ,V,,} has commuting unitary
dilation:
* *

ur...ume = {Vlml"'vr:nn *]

Dilation of noncommuting family of opeartors? Possible for “raw
contractions” .

Dilation of a family (semigroup) of operators/maps?
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Theory of dilations

@ Unitary dilation of two contractions? Requires commutating contractions.
There exists commuting unitary dilation:

Uroyt = ] vV n,m>0.

T«
* *
@ Unitary dilation of three commuting contractions? Not possible !!!

@ But commuting family of isometries {V7,--- ,V,,} has commuting unitary
dilation:

e = [V
1 n * x|

@ Dilation of noncommuting family of opeartors? Possible for “raw
contractions” .

e Dilation of a family (semigroup) of operators/maps?

@ There are lots of questions, answers & problems...
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